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2.1. Def?mi“:fms O.ncl exa”‘l}let

DeF. Let -F be 0 €-valued -Fuud-.‘onde ihed on [-m T

We 5‘0\»)/ that F s Rremann mteqrabla (or sim[)lg) inteq rabla)

l&-‘ both the real rart) and the lin&%ihur\d t)avt of F are
t\n‘[‘egvablg on [-7, T].

B Let £ mrl > C be ategrable. The Fourier sevies of P
Is de]oimul as

]e(x) nv ; ?Cn)e'\”,

h= -0
T —InX
bJLen ?(n) = fﬁ.’ £W -F(x) e " dx,

We all F\O‘) the n-th fouder Coetficient 05: -F

Exompb 1. Lot ]9 Lmt]—> C be defined ag

Fo‘)z { & ip xe [oT],

= T wcsy)
Write ou“; tha Fou.h‘ev‘ Sehes o{f F on [~T,T],



SoIU‘l::‘or\:

A i) 0
{-DM:{'T} . 1 dx + irﬁgin(—l)&x=o\

For nio,
A 1L T =inx L 0  —/nx
Fei=w ), € dx - w) € dx
- L - inX ™ —-inx 0
o i%[ L_
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“ul \ )| \
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=T _aT
= A € em“—
2T L_l\n)
— - 2; \ N
= S nmr LS? n (s otH
t 0 tS: n s even.

Herw the founer senes 0{3 ‘Q i$ Qiven by

o 5 0 i (2n+|) x

T B T €



]e(oh W g:n' Xdx = w T4 S0
For \n#o/
{3(“) = W \_g X € dx
i ‘l‘nX m m —l‘nx
_ e
2T < o t _ e, dx
= T In
-nTT inT -
. Te +T e InX L
= & + £
-in n* =

Hen 5= C_.)" inx
{90&) 'he\_é\ib) n € '




2.2. Um(1u,eness Of Foun‘er Selres.

@: SurPose ]Qomd % ave {wo ni«‘teyalptz ‘Fuhdtc;hs on [~ ]
Swdh thet ?\(n) = /ﬂ\(n) ov all me %

Do we have #3% ?

The answer is No Be cause 3? -F and % dn‘-ﬁcelr onlJ at
Countoble manj Po‘l“t‘, than ?o‘)a ’3\@)_

HoweUe.V‘ H\n. Fal[awt;g Yesult SD\/st‘\Gf LF ?(n):é\o\) Fzr all ne Z,
than ?o.ml C} Coincide at coh{mw{;l-] Pofh‘ts.

Thm 2-| S“[’P“e that -F s integrabla on the civcle such that

?\(M“’ gow oll me 2 Then

‘F('Xa)=° .‘{-’ -P s continwoug at ..

P¥ . We fmt assume that {3 % 0 real Ualued JPuncJ(.sn 4
Su.[)POSe KelCmm) s oa conJcmuL’c] pount of ]Q

We need to shows “Q(h):o"



Suﬂ)ose on the comjcmrj ﬂm‘t ‘F('Xo)#O.

UJLOG-) Q$Sume that f(’&a) >0,
Choose & Small § o Sudh that
‘(')(x) > Eg,_i) "‘? II—')CoI <$.

Owr idea 15 to Com"‘ruct Soma fvtaonamf‘l'n‘c. Fol\]nom-‘a-Q_

(1} 'H'm'l' m
?h ) SM«LL\ ‘(-Tr ?Ok) . Ph()() d x +0
which leads to o contrmdickion A

Toke o smafl £ >0 Such that

Cos(x~xe) < l-éi— Ef §< [x=%o

<T

Take @ small o<g<g Such That

NV

&t Cos('x—%) > |+

i]e | x=%| <)) |

2k
Considen ’Pk(m = ( <+ C°5<”<"X°)) .



T+ %o

T
g ‘FCX)'Ph(.X\ dx = g—ﬂ'a-xa %x)- PR("’ dx
-7

- f +§ + f?@ Pet) dx
bl helxXelsS ¢ fxvo(em

= O+ (0 + (@),

when

- 2k
G:) - S *[-')(x) (2-{- Cog (x-Xo)) dx
(X% <}
P2 'FCX") I+ £ & S+ Q¢ Potw
T ( —{) . 2] _
2k
@) = foo (€t o (xx) dx 20
h€ [x=Xo|€§
- *k
|(ﬂl) N j “F(X)‘ . <i+ Cos ('x-'Xo)) dx

§ < [x¥|<T

S Gem) (-2t

§<lxl<T

= (surlg:\) - (- %)zk' (zrr-zs) —o Qs Rt



Tt ‘Fe“aws that  as k- tlo

Q_‘)+(n)+(m) — t .

Hens
N
\Lr #(x) P da o when B i lw‘%e enougk,
This |eads to a Contracl&cl'(én) as  Pew 15 a trigonometiic polynomiaf
(Reoll o trigerametvic polynomia 15 of the Lorm
> . e )

n=-N

Net we assume that «? s o C- Uolued <Pund'w‘|n .

Write %(ﬂ: u(x)+ l"U(x)) wher U, v ae the reall and
M\waimvj Inowts of F It s eas\y to check ®hat

ﬁ\(n) = ()\(n) =o A?ov all me & .
Now both U and USare cfs ot %, So U)=o =Uo)
Hehl& -F(X°)=O -

A
Coro“o.hj 2.2 IF -(2 (s CI'S on tke circle sudn ‘tt\mt ‘F(h)=0 ‘ch
oll ne &, then <Fso_



ConUethh@ 'S Fown‘ev‘ Senes

Let SN:FQ\): 2 Cc.e

m23 Assume that ? s cts on the Circle and
Lo SEAN
) .
nEJg’(n l <00

T’um S’Ns?(x) = -P(x) on Bhe Circ le

AN
‘FO\) \ <o bj Weierstross M- Test T|nm/

P? Sine ém

SN‘F(X) = %(x) on tha Cs‘rcle Ok)
533? some Cts Fuhd'tén (3 on the Circ,le.

B}) (k) *For each me Z,

—n¥X A\
i'r'rj S’NFm e ' dx —> 9@  as Notx



—in A
HoweUev/ l—ln gS’N F(x) e l de = 4‘?0\) when N2 |n|
So é\(n\ = ?\O\] ?ov all me Z
Sins botlr\ ?; % alre C{’S on i?l\_y. Civc(e) by Cov 2.2

4‘25%‘ Bly Gk) S’N‘F(X)j ~F(x) on the circle.



